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DIGITAL ANALYSIS OF RANDOM DATA RECORDS
BY PIECEWISE ACCUMULATION OF TIME AVERAGES

SUMMARY

_ A data reduction program for the reduction and analysis of random
processes has been developed. The data are digitized, and subsequent
statistical analyses are performed. The usual storage limitations concerning
long data records are overcome by subdividing each record into truncated
pieces and performing a statistical analysis of each piece. As each piece is
analyzed, a recursive process is utilized to update average statistical
parameters for all subsequent pieces until a predetermined statistical
accuracy is realized or until all data have been exhausted.

The operator can exercise various control parameters and achieve
desired statistical parameters, such as error analyses, correlation
coefficient, power spectra density, transfer function, phase relationships,
and coherence function. Single or multiple functions may be processed.

This program is coded in the compressed form of FORTRAN. This
allows the operator to add and/or delete any specified portion of the existing
program with alter cards.

INTRODUCTION

An experimental investigation of many complex physical phenomena,
including atmospheric motions, random vibrations, turbulence, acoustics,
and combustion processes requires the use of statistics for their quantifica-
tion. This, in turn, leads to a requirement for methods of statistical data
reduction which are accurate, convenient, and, if possible, versatile. With
respect to versatility a digital computer program is particularly attractive
because the modification of a reduction routine requires only the preparation of
computer software as opposed to the often lengthy research and development
process involved in the supply of analog equipment.



This report describes the development of a statistical data reduction
routine in which digitization of analog data records is undertaken, subsequent
statistical calculation being performed on a digital computer. No limitation
exists regarding the length of records which may be processed. Such
limitations are normally set by storage limitations of the machine. However,
as demonstrated herein, this difficulty can be overcome by introducing the
concept of '"piecewise accumulated mean values."

A second important peripheral advantage of this concept is that it
permits the statistical certainty of the result to be checked as the calculation
proceeds. In fact, in the present program this check can be employed as a
program control feature. The calculation is allowed to proceed only until a
certain statistical certainty, specified by the user, is obtained. In this way
no computer time is employed other than that which is necessary to reach
the degree of statistical accuracy which the user feels to be necessary for
his particular application. The discussion of these error estimates also shows
how their variation as a function of record processed may be used in the
detection of nonstationary trends in the record. Such trends are a common
feature of investigations of uncontrolled environments, such as the atmosphere,
and hence their reliable detection offers a valuable additional feature of the
"piecewise' correlation approach.

The estimation of the first and second derivatives of covariance
functions is discussed. Not only are these parameters frequently of value in
their own right, but as demonstrated here they can be employed to interpolate
the correlation function between measured lag points, thus providing an
improved definition.

The report concludes with a description of tests, performed utilizing
a band-limited white noise test signal, which demonstrate the features of
the program outlined in the earlier sections.

ACCUMULATION OF PIECEWISE AVERAGES

The statistical descriptions of random processes are normally
required in terms of mean values, root mean square values, correlation
functions (and spectra), and probability statistics. The definition of these
values as derived from a finite record of total length T may be written:




mean values:

X =

Tl

T
IEICK (1)
0

root mean square values:

T 1/2
1
o=| = {x(t)zdt , (1. 1)

correlation functions:

T
R(r) = [ =) y(t+7)a (2)
0

L
T
probability statistics:

The nth moment of the probability distribution is

n 1 Tn
x=—T7£x(t)dt. (3)

We may generalize this problem, for convenience of the present discussion,
by the schematic representation:

S 1 T
()=—T—Of()dt, (4)

where we refer to the ( ) operations as a statistic and note that they
normally involve some multiplicative operation as indicated by equations
(2) and (3).

The normal problem which arises in programming our generalized
equation (4) for computer operation is that of providing sufficient storage
locations for the basic data x(t) or y(t) if the integration period T is
to be of sufficient length to yield a statistically significant result. For
example, in terms of the test cases discussed at the end of this report, a



total record of 30-sec duration has been processed with an analog-to-digital
conversion rate of 20 000 sample pairs per second. Thus, 1.2 x 10% storage
locations would have been needed for storage of data alone, irrespective of
the requirements for the executive portion of the program.

To avoid such a problem we subdivide the total record into m equal
pieces each of length T and introduce data from each piece into the machine
separately (Fig. 1) . The piecewise average of a statistic is then calculated
by integrating initially over each one of these pieces. This leads to the

definition of a piecewise or sample mean, which for the ith piece is
t=1iAT

1
(), =-—= [ () dt . (5)
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Figure 1. Subdivided records.

The desired average over the entire record is subsequently obtained by
averaging the result obtained from all pieces. This leads to the definition
of an accumulative mean,

(

~

1 m
=D N G P (6)
i=1

Expanding the summation we find that
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The accumulative mean is thus identified with the time integral over the entire
record as long as the integrand, ( ), may be derived directly from the signals
actually recorded. In the succeeding section we discuss the problem of errors
which arise when this is not the case. However, although this method of
approach has appreciably reduced the data storage requirements, equation (6)
would still indicate the necessity of storing the m sample or piecewise means.
This, also, can be avoided by the use of the following recursion formula.
Suppose we obtained an accumulative mean over the first m pieced and have
just processed a new piece (m + 1). The mean over all pieces including the
new one,

p—
Om+t = =5 ), T,
i=1
(8)
_ FE J—
B m+1 m Z/ E ( )m+1 s

can then be found by updating the information of the previous m pieces by
including the mean ( ) of the new piece. Substitution of equation (6) into
equation (8) leads to the recursion formula:

|
:
|

(9)

- (), +

m+1 m+1 m m+1 )m+1

—_—
~

Therefore, the need to store the m individual piecewise averages is
eliminated. Only the accumulative mean of all pieces processed to date is
required and can be updated each time a new piecewise mean is obtained. This
effectively reduces all limitations on the length of record which can be
processed.



A second advantage is that the latest estimate of the mean accumulated
to date is always available for output and inspection. This facility has proved
extremely valuable in a number of diagnostic applications.

Subdivision Error

As pointed out, the procedure leading to the recursion formula in
equation (9) yields a result identical with the time averaged mean only if the
multiplicative process used in forming the statistic involves only the actually
recorded or digitized data values. A prime example, in point, where this is
not the case arises in the measurement of the covariance of two signals
having nonzero mean values. The time-averaged value of the covariance is

given by

T
1 = =
Cp (r=0) = — of [x(t) -x_1[y(t) -y 1dt ' (10)
1 T —a—
= T {x(t) y(t) dt-x y (11)

The piecewise estimate of this covariance is based, however, on the con-
tributions from single pieces, which consider only the mean value of that
piece.

h
The contribution to the covariance of the it piece is therefore

{ i?T
C. (7=0) = — [x(t) -x.] [y(t) -y.]dt . (12)
i AT o (ist)aT ' '

Applying the summation equation (6) to these contributions, we find that the
accumulative covariance is:



B

1 ]
Cm (7=0) ey Ci(T—O)

i=1
m i AT
- [ x() =% Iyt -7,
mAT . . i i
i=1 (i-1)AT (13)
1 mAT 1 il ;{i fiT
= [ =@ yt)y d+ — ) |EY - y(t) dt
mAT o mi=1 i“i AT (i-DAT
v, iAT
- [ =@ at
AT (i-haT
The first and third terms in the [ ] of equation (13) cancel, and the
accumulative covariance becomes
C (r=0)=—- of x(t) y(t) dt == Zj . (14)

This accumulative covariance thus differs from the time average, equation
(11), by the subdivision error S(m; r=0) where

m
= = 1
S(m;7=0)=Cp(7=0) = C (=0 ==X Y " ; ’

which can be rewritten in the form,

1 m = =3
S(m;7=0) = ‘Zi &, -x ) (F,-v,) - (15)
1:

The value of this error in two limiting cases is quickly established. First,
in the limit m=1 (AT=T) the error is zero by definition. In the opposing
limit m—« we see that in practice this would mean that each piece con-
tained only one data sample; thus, for each piece,

x(t) =§i and y(t) =



Thus, referring to equation (12) we see that each Ci (7=0) will be iden-

tically equal to zero. Thus, as m-— oo,

Cm(T=O)-—>O

For intermediate piece lengths 0<AT <T an idea of the significance
of the subdivision error can_l_)e gained by consideration of a simple analog.
Suppose the values of (i'i - Em) and (?i -ym) , respectively, were plotted

as a function of i or its equivalent time through the record. Two "'signals"
would result subject to the condition that their minimum time period must be
comparable to the piece length. Furthermore, equation (15) suggests that
the subdivision error is determined by the covariance of our two artificial
signals. Thus we reach the conclusion that a finite piece length acts like a
high-pass filter which cuts off the energy contained in frequencies whose
period is comparable to or greater than the piece length.

Tests described in a later section of this report confirm this
hypothesis. It is shown that the indicated energy of the signal does begin to
decrease once the piece length becomes comparable to the period of energy
containing frequencies. However, the filtering action is very weak, being
comparable to that of a high-pass filter having a cutoff frequency fc given by

1
fc AT

and a "rolloff" rate of only 2 to 3 dB per octave.

It is appropriate to conclude this section by pointing out that sub-
division error is not a basic feature of piecewise operation per se. It arises
only because of the particular method adopted here in which the piecewise
mean values Ei and Vi are employed in the covariance estimates, equation

(12). We have already noted that no subdivision error results as long as the
actually recorded or digitized values are used in unmodified form through the
accumulative procedures. Thus, referring to equation (11) we see that the
first term of the root mean square of this expression could be accumulated
without error and the product Em Vm subtracted at the end of the calculation

when the necessary information was available. However, in the present
program we believed that the filtering action of finite piece lengths did offer a



feature of potential value for the elimination of slow drifts or trends when
such events were present and undesirable. To eliminate subdivision error it
is only necessary to choose piece lengths comparable to the period of the
minimum frequencies of interest. Furthermore, experience has shown that
this is seldom the consideration which controls minimum allowable piece
length, particularly where cross-correlation analysis is required. However,
a general awareness of this feature is important.

ENVIRONMENTAL AND STATISTICAL VARIATION OF
PIECEWISE AVERAGES

As mentioned in the introduction to this report, piecewise accumulation
of mean values offers the opportunity to estimate the statistical reliability of
a result as the calculation proceeds. In fact, in the existing program this
parameter is used in formulating a decision as to whether another piece of
data should be admitted. This section of the report outlines this approach,
and test cases which appear to justify its use are presented in the section,
Demonstration of the Piecewise Method.

The value of any piecewise average ( )i will depend both on its

position in the complete record and on the piece length AT. These variations
of piecewise values may be caused either by a change of the environment
{i.e., a nonstationarity) or by a lack of integration time. In any finite
integration period a certain amount of statistical variation is to be expected
since only a finite number of random occurrences can take place, and these
will not all cancel precisely.

Unfortunately, environmental and statistical errors occur
simultaneously and are difficult to separate. Separation may, however, be
achieved in theory by regarding the actual conducted experiment as one sample
of a population of imaginary experiments which are all recorded for identical
time-independent boundary conditions. Assume that j=1,2,3, ... N
realizations of the same environment have been observed. Statistical averages
may then be established by averaging over the different realizations instead
of over time. This ensemble average will be denoted by E[( )] N and termed

the expected value:

B ()

1z

1
)]N ES

J



Let x(J) (t) and y(J) (t) denote two signal records from the jt

realization.

The contribution to the correlation obtained from this jth piece of
length AT is

t,+ AT

____1_3 j
RJ,—Ath ( )y dt (16)

]

while the ensemble average is obtained by summing over all N available
realizations:

— i N —
ER)y = ¥ 21 R, . (17)

Each sample mean Ri will differ from the ensemble average, E(Ri) ,

because of statistical or other variations. A measure of the magnitude of
these variations of sample means is provided by the mean square error or
variance:

1 X 2
(VarR) o = %7 121 [Ri -E(Ri)N:l i (18)

The practical implications of the central limit theorem now imply that
variations of the piecewise time averages relative to their population mean
should be normally distributed, regardless of the physical process generating
the time history record. One estimate of this population mean is provided by
the ensemble average, E(Ri) N Further, the probability that any sample

mean will deviate from the ensemble average by more than a prescribed
amount is given by the student '"t'" distribution. We may thus calculate a
certain confidence limit for the variation of the sample means around the
ensemble average. This limit will not be exceeded by a fraction, p, ofall
realizations. The normalized value of the confidence level, tp, is called the

10



confidence factor and is expressed in the inequality

- < E=) 1/2
IRi E(Ri)l=tp(N) (VAR Ri)N . (19)

The confidence factors for the normal distribution are listed in Table 1.

TABLE 1. PERCENTILE FACTORS AND CONFIDENCE INTERVALS FOR
STATIONARY RECORDS

Student's t Distribution x*-Distribution
2 2
m to.00 | N | X650 1 %010 Xo.90"™ | Xo.10/™
2 3.08 0.707 2.71 0.0158 0.823 0.063
3 1.89 0.578 4.61 0.211 0.716 0.153
4 1.64 0.500 6.25 0.584 0.625 0.191
5 1.53 0.447 7.78 1.06 0.558 0.206
6 1.45 0.408 9.24 1.61 0.507 0.211
7 1.44 0.378 10.6 2.20 0.465 0.212
8 1.42 0. 353 12.0 2.83 0.433 0.210
9 1.40 0.333 13.4 3. 49 0.407 0.208
10 1.38 0.317 | 14.7 4.17 0.383 0.204
12 1.35 0.288 17.3 5.58 0.347 0.201
14 1.34 0.267 19.8 7.04 0.318 0.190
16 1.33 0.250 | 22.3 8.55 0.295 0.183
18 1.33 0.236 24.8 10.1 0.277 0.179
20 1.32 0.222 |27.2 11.7 0.261 0.174
25 1.32 0.200 |33.2 15.7 0.230 0.160
30 1.31 0.183 |39.1 19.8 0.028 0.150
61 1.30 0.128 | 74.4 46.5 0.142 0.112
m—» oo 1.28 1/Nm m m 1/Nm 1/Nm

Equation (18) does give an estimate for the variations of the individual
realizations, and the associated confidence intervals could be calculated if
(Var Ri) N Vere known accurately. However, we have calculated (Var Ri) N

from a finite number of realizations, N, of the experiment. Hence, in

11



another series of N realizations a different value of this variance might be
obtained. An accurate description of the statistical variations should there-
fore include not only the variations between individual realizations within a
single group but also variations between different groups of realizations.

Let Var Ei denote the population variance which is calculated by
taking the arithmetic mean of all samples of (Var Ri) N’ i.e., the mean

variance for all groups. The relative variation between the variance estimate
from a single group and the average over all groups can then be expressed by
the new variable:

N(Var Ri)N

2 = —_—
X Var Ri ) (20)

The probability distribution of this variable is given by another universal
distribution function, the x2 distribution. Knowing this distribution, one

can calculate a lower limit, xé 10 (N), which will be exceeded by the )(2

samples of all but 10 percent of the admitted groups. One can also calculate

an upper limit xé 9O(N) , which will exceed 90 percent of all x% samples.

Both limits together then give a confidence interval for the statistical
variation of variance estimates between different groups of realizations. The
80-percent confidence interval would be

N(Var Ri) N _ N(Var Ri) N
‘—F—W éVarRié——;—i . (21)
X0. 90 X0.10 (N
The confidence factors xé 90 and xé 10 are also listed in Table 1. For

N 2 30 they may be calculated from the confidence factors, Zp, of the

normal distribution [1]:
7 2
3
x 2 1 (Zp+\/2(N—1) - 1>2 = N<1 - = > 1+ —2

p 2

In particular, ZO'. 90 = 1.28, and ZO.iO =1/1.28 =0.78.

12



In summary, we find that a single group of N realizations can provide
the following estimates:

1. The ensemble average, E(Ri)N , from equation (17).

2. The sample variance, (Var Ri) N’ for the required statistical

variation of sample means relative to the ensemble average from equation
(18).

3. The confidence interval for the statistical variations of the sample
variance relative to the population variance of many such sample groups.

All these estimates are based on universal distribution functions
which are independent of the particular physical process from which the
recorded time history is obtained.

The preceding study of statistical variations between piecewise means
requires many samples which have been acquired by repeating the same
experiment many times under the same environmental conditions. Such
control of the environment is not always possible during space flight or in
meteorological experiments.

The alternative is then to assume that the environmental boundary
conditions are sufficiently time invariant during one experiment so that
individual pieces of a long record represent statistically independent realiza-
tions of these invariant boundary conditions. For this purpose a long record
of length T is subdivided into i=1,2,3, ....., m pieces of length

AT = % , as discussed in the section, Accumulation of Piecewise Averages.

Each of these piecewise estimates is then treated as if it came from a new
realization. This means that the summation over realizations is replaced by
an accumulation of pieces. The estimate of the ensemble average for any
statistic ( )i becomes

BT, =2y 7.0 L Y5 5 (23)
i'N N i mi=1 i m ’

Tz

J

13



Similarly, the sample variance becomes

_ 1 X j —_ 2
[Var ( )1y = 57 2 () -BIO) Iy
(24)

The following conditions [2] must be met to justify this replacement
of realizations with pieces:

1. The time history of the statistic '"( )" is a self-stationary
process.

2. The autocovariance function of this time history meets certain
integrability conditions.

3. The individual piece lengths, AT, exceed the time-lag range
within which the autocovariance is significant.

Experimental data usually can be arranged to meet the preceding
conditions 2 and 3. However, condition 1 requires that the environmental
variations be negligible during the entire processed record. Such time
historics are referred to as stationary. For such stationary time series all
remaining variations are statistical. Thus variations between piecewise
averages and the statistical variations between sets of pieces should all
follow the universal probability distributions just discussed. The "fit" of
these distributions may thus be used as a criterion for stationarity. One such
criterion is developed in the remainder of this section.

Consider the confidence interval for the statistical variations of the
sample variance A?( )m of a piecewise average. This is obtained by

combining equations (21) and (24) and yields

14



mA?( ) _ mA?( )
= = vVar( ) s ——— : (25)
xz (m) xz (m)
0. 90 0.10

However, the two factors —211— and —gm— both asymptotically approach
X X
0.90 0.10
unity [equation (22)]. Thus in this limit the inequality of equation (25)
approaches an equality yielding the population variance. The experimentally
accessible statistical error of piecewise mean values will therefore approach
a finite constant value if the environment is stationary.

The statistical error of a piece depends on piece length, and thus its
value is rather arbitrary. One would expect it to decrease with increasing
piece length since more statistical variations are included. Thus it would
be a minimum if the piece spanned the entire available record. owever, in
this case no estimate of a variance could be made since this requires several
measurements. If the process is stationary, the piecewise estimates are
normally distributed and statistically independent, and the variance of the
accumulative average from m pieces will be 1/m times that of the
individual pieces.

Thus we obtain the desired expression for variance of the accumulated
means:

P m
— S 1 —
[Var ( ) 1y =[Var — ) )i}N: — [var Tl - (26

Replacing the variances with the experimentally accessible approximations
contained in equation (24), we obtain

— _ 1 mi__ — 2
(a{), 12= +1a )]2=————Z[().— )m] L@

m m({m-1) 2 i

Note that this is just the quantity required since it represents an estimate of
the variance of a number of identical experiments, of which the one actually
conducted is one member. That is, we have obtained the probable deviation
of the mean actually obtained from a mean obtained from an ensemble of such
experiments.

15



Substituting m = T/AT we find the well~known result that the probable
error of an accumulative mean should decrease with the inverse square root
of the integration time or record length, i.e.,

Var( ).AT

. . (28)
m NT

P
I

The full practical significance of the error analysis of this section can now be
explained by comparing the situation developed here with that existing where

a pure time integration has been undertaken. In the latter case the ratio of
the probable error of the mean value to the mean value is commonly expressed

as

Ao 1 (29)

where B is the bandwidth of the data to be processed. However, this
bandwidth is not known a priori, and at best some estimate based on a past
experience or pure guess must be inserted in deciding on an integration time.
At the end of this integration time, no method is available to ascertain
whether the expected confidence level was reached, whereas any nonstationary
trends in the data will have been observed in the integration process.

By contrast, using a piecewise method the uncertainty of the result
obtained after processing any number of pieces can be determined by using
equation (27), combined, if necessary, with confidence factors just dis-
cussed. Once the desired confidence interval is reached, the calculation can
be terminated. No arbitrary decisions are required.

Finally, using equation (28) we see that A (_5 m should decrease as
the reciprocal square root of integration time or number of (equal length)
pieces processed to date.

Of course, a precise straight-line relationship between A (-—) m and

1/N BT is not to be expected since the values of A (-_)m are subject to

some uncertainty. However, the shape of the best straight-line fit can be

16




employed to obtain an estimate of the equivalent bandwidth B. Finally, this
bandwidth can be used to calculate confidence levels for the relative
accumulative error.

Rearranging the two inequalities of equation (25) and using equations
(25) and (28), we find the limits of uncertainty of the accumulative error
specified by

. XO..10 (m)Nm

N BT |

m Xo. go (N
| N BT

m

Il

(30)

1A
HA

—~
S—

Thus these limits can be marked around the best straight-line fit of the

A (_—)m vs 1/NT graph. If the majority of values are found contained with-

in the intervals so specified, stationarity of the data record has been
demonstrated. On the other hand, significant and consistent trends of values
outside these limits indicate that a nonstationarity has occurred. Further-
more, the integration time for which such deviations occur indicates the
onset of the nonstationarity and can be used to optimize an available record.

A direct calculation of the accumulative statistical error for the
autocorrelation function of a band-limited white noise test signal is discussed
in the section, Demonstration of the Piecewise Method. It can be seen that
the predicted straight-line relationship is obeyed while the slope of the line,
700 Hz, equals the bandwidth of the filter used.

Also, the 90-percent confidence intervals calculated from consideration
of the xz distribution are demonstrated. The fact that all accumulative errors
fall within the interval indicates the stationarity of the test signal.

In summary, the purpose of this section has been to demonstrate the
way in which piecewise accumulation of statistical values can be employed to
permit direct calculation of the probable error of the final result. No
arbitrary decisions with regard to integration time are required. Calculation
is allowed to proceed only until the required confidence interval is obtained.
Furthermore, consideration of the behavior of these confidence intervals as
a function of the length of processed record may be used to detect any
nonstationary trends contained within that record.
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COVARIANCE FUNCTIONS AND NOISE

The covariance function for two time history records, =x(t) and
y(t), respectively, is defined.

T
1 = =
Cplr) = & Of [x(t) -X_] [y(t+7) -y_Tdt . (31)

Two problems arise in the programming of this algorithm for piecewise
operation. First, as in the case of the zero time delay covariance CT(T=O)

calculation discussed in the section, Accumulation of Piecewise Averages,
the mean values of the signals ):{m and §m are not available during the

accumulation procedure — only at its termination. As in the previous case
they are replaced by the more accessible piecewise mean values X, and ¥,
i i

respectively. As was the case in the section just mentioned, this again leads"
to a subdivision error. Arguments similar to those previously used show
that this error is eliminated as long as the piece length is comparable to or
longer than the period of the minimum frequency of interest.

The second problem arises for the finite time delay values. In
moving along the samples representing x(t), one eventually arrives at the
situation where the required y(t+7) sample is not contained within the
piece currently in the machine. The method used to correct this and
maintain the same number of samples for each time delay is to read in an
additional maximum time delay (’TM) data sample. As the time delay (7)

shifts, t additional samples are added to the delayed channel, maintaining
the piece length. By this method the same statistical accuracy of the
correlation is maintained for each time delay.

The situation is shown schematically in Figure 1. For the case
illustrated in that figure the piece length is five times (Ve Parallelogram

ABCD shows the sample products for T and parallelogram ABC'D' for t'.
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The piecewise covariance for time delay Tt obtained from the ith
piece therefore is evaluated by the following algorithm:

_ 1 iAT _ _
C(r = [ Ix(t) -X] [y(t+7) -y.1dt . (32)
i AT (i21) AT i i

Covariance functions are frequently used to determine which
components of the signals contained in time records x(t) and y(t) are
common to both. This concept of common signal is based on the time history
of the instantaneous product, x(t) y(t + 7). The mean value of such a
product is called the correlation function.

In accordance with our previous discussion, its piecewise average
would be

B . AT
Ri(T) = AT f x(t) y(t + 7) dt . (33)
(i-1) AT

It differs from the piecewise estimated covariance by the product of the
piecewise mean values. Comparing equations (32) and (33) we find that

Ei(T) =R, (1) -Ei ?i . (34)

The instantaneous product, x(t) y(t + 7), will oscillate around its mean value,
Ri(’T) , and these oscillations will tend to cancel one another, at least

partially, when the product is averaged by integrating over time.

Two signals are said to have no common modulations if their
covariance vanishes. This complete cancellation will occur if, for example,
an increase in one signal is accompanied by either an increase or decrease of
the other, the two being equally probable. A typical example of two such
signals is represented by shot noise emission from two photodetectors.

The partial cancellation of the oscillations of an instantaneous product

provides a possible definition for noise components of a signal. The noise
component, xN(t) , of the total signal, x(t), may be defined with respect to the
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second signal y(t). It is that component of x(t) which does not contribute
to the covariance of x(t) and y(t), i.e.,

[xN (t) y(tJrT)]i =0

Conversely, the common component

X =X -X
c N

is that component of signal x(t) which is responsible for the finite value of
the product mean value.

[x(t) y(t+T)]i = [(Xc +XN) y(t+T)]i = [xc(t) y(t+f)]i . (35)

The second signal y(t) can be similarly divided into its common and noise
component by now taking x(t) as the reference signal, i.e.,

y(t) =y (0 vy () . (36)

Combining equatiofis (35) and (36) we find that

+ = +
[x(t) y(t+7)], = [x () y (t+7)], (37)
The integration of the instantaneous product has thus eliminated the
noise components, and the resultant product mean value depends only on the
signal variations which are common to both signals. We should note here,
however, that the word "common' does not imply that xC and yc are

identical, merely that they have a fixed time invariant phase relationship.
Furthermore, this phase relationship and their frequency content will determine
the value of 7 for which equation (37) obtains a maximum value.

For any finite piece length the noise components will not cancel

precisely and will therefore produce statistical variations of the product
mean values. One expects, therefore, that a relationship exists between the
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statistical variations of the piecewise means and the spectral distribution of
both the common signal and noise signal power.

Jayroe and Su [ 3] have derived tkﬁs relation analytically on terms of
the cross-power spectral density, G(f), of the common signals and the
power spectral densities, SN( f), of the noise components. Their result may

be stated as:

5 = _ 1 T _ A 2
a*C_(r,T) = o Ei (C,-C_)
+f, -47i
- [t s sl e T ar s
_f2

The power spectral densities are directly related to the mean square
amplitudes of the associated signal components by:

= = +f2
(x, =%_) (¥, -V, ) =ff G(f) af (39)
)
— £
= 2 - [
(x ~%_) fj Sy () dE (40)
1
and
= f,
-3 2 -
Yy ") m ffsNy(f) dt . (41)
i

Assuming that the noise components have a flat spectrum,

(X. -X ) 2

N m’'m
_ for f,<f=f
Snx (D fy - £ ! ?

(42)

0 elsewhere ,
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and

(Vo = Vo) o
N m’'m
S fy=f ——— =f=sf 42,1
Ny() fz-fi fOI’fi_f_z ( )
0 elsewhere ,
the above relation may be rewritten as
2 = 1 Tt 4 ifr
= _ 4 ) -
A"C_(11T) = = _{ G2 (f) (1+e ) df
2 (42. 2)
-z 2 . _= 2
+ (XN Xm)rn (yN ym}m 4 8in dnfyr - sin 4mfyr

(fz - fi)T 47I'(f2 - fl)T

This relation indicates that the statistical error accounts for the fluctuations
of both the common signals and the noise components. Both contributions
vanish with the inverse square root of the integration time, and both depend

on the time lag in a known fashion. The time-lag dependence may thus be
removed by integration. Integrating the time-lag-dependent factor in the
integrand leads to an approximation of the Dirac function & (f). The integral
of the time-lag-dependent factor of the noise term vanishes in good approxima-
tion, since the factor oscillates between positive and negative values. The
correlation of the time-lag dependence by integration thus gives the
approximation

-+ _
T A%C =—-1— fcoAZE (r,T) dr
m m

2T
m =,
+ 2 ¢
- = [ & ar - EEY (43)
-fZ
RN S R |
. X)) m | 7T (yli-ym)nrl
(fg - £) T
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The second term characterizes the power at two frequencies and thus accounts
for near-zero frequency components.

For autocorrelations (y=x) the noise terms vanish by definition.
For our test case of band-limited white noise, the cross-power spectrum
becomes the power spectrum.

= - < <<

Cm(O) /(£ -1f) £ =f=f,
G(f) =

0 elsewhere |,

and the relations between statistical errors and the amplitudes of the common
noise signal may be stated as:

Acm {

6R = T: = ’
Cm(o) (fp-f;) T

and
ACm(T,T) B ' sin 47 fyr - sin 47 f;7
—= T OR [1+ ar (fp-1) ' (49
c (0 27T
m

The first relation explains why the noise bandwidth B, which is obtained
from the slope of the error curve, makes the filter bandwidth (f;-f;). The
second relation has been used to check the variation of statistical error as a
function of time lag. This comparison is discussed in detail in the section,
Demonstration of the Piecewise Method.

DERIVATIVES OF THE COVARIANCE FUNCTION

The piecewise program also includes an option for the calculation of
the first'and second derivatives of the covariance function. In some situations
these derivatives may be the physical quantity of interest in their own right.
We shall also demonstrate here that they are related to the covariance of the
time derivatives of the signals. Thus statistics based on the signal time
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derivatives rather than on the signals themselves are automatically included
within this option. Finally, as we shall discuss in the next section, a
knowledge of these derivatives may be employed to interpolate the covariance
curves between measured lag points.

Let us consider the covariance between the delayed signal y(t +71)
and the time derivative of the x(t) signal. The estimate of this covariance

th | . . . .
for the i = piece is, from our previous discussion,

iAT
~ (1) ' 9x(t) -
C' /(1) = — [y(t+71) -y.1 dt . (45)
i AT f(i—i)AT ot i

The superscript 1 indicates that one factor in the instantaneous product
is a time derivative. If both factors are time derivatives we obtain

c @y o L flAT ox(t) dy(t+1) .
i AT (i-1) AT ot ot
Direct calculation of Ei(i) (tr) and Ei(z) (t) 1is not possible since

instantaneous digital samples of the signals, not their time derivatives, are
stored in the computer. We approximate the required time derivatives with
a finite difference quotient between two digital samples which are separated
by the sampling interval (e€) of the analog-to-digital converter.

ox(t) . x(t+ e -x(t)
ot € : (46)

ay(t+7) _ y(t+7+e) -y(t+7)
ot B €

(47)

Substituting these estimates into equation (45) and using the normal
accumulative procedures over m pieces, we obtain the quantity

— iAT
c (1)

m [x(t+e€) y(t+7) - x(t) y(t+7)] dt

1
AT “i-t)aT (48)

A8

1
(T)ZZ,
1

If now it is assumed that the data are stationary over the sampling period
€, then
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[x(t+e y(t+m)dt = [ x(t) y(t+7-€) dt
Substituting this identity into equation ( 48) we find that

_1(7 - € - (_Ji(T)

m
( __.1_ = _._8_ =
(T) m ; € Y Cm(T) : (49)

(2)

A similar derivation yields the result for Em (7), namely,

() R~

() =—=2— C_(n . (50)

We see, therefore, that the approximation of signal time derivatives
by sample difference quotients equations (46) or (47) can be employed to
yield:

1. The covariance between one signal and the time derivative of a
second signal. This quantity is also the first derivative of the covariance
function of the signals themselves.

2. The covariance between time derivatives of two signals. This
quantity is identical to the second time derivative of the signal covariance
function.

Finally, it should be mentioned that accumulative error analyses for

= (1) = (2)

the gquantities Cm (1) and Cm (7) are also included. They follow

precisely the methods used for the covariance functions as discussed

previously.

Results obtained for the first and second derivatives of the covariance
function of a band-limited white noise signal together with the associated
error estimates are presented in the Conclusions section.
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INTERPOLATION BETWEEN LAG POINTS

Although the covariances of time derivatives (_)m( b (t) and
ém(2’ (1) were introduced principally for reasons of physical interpretation,
their identity with the time-lag derivatives, equations (49) and (50), permits

the detail of the covariance curves, (=3m(7') , to be improved between actually

calculated lag points.
Such improvement of detail is important since it can:

1. Separate the requirements for lag points and integration points
which are required for calculation of Fourier transforms. Points for the
Fourier integral can be provided by interpolation instead of direct calculation
of lagged product mean values.

2. Minimize the number of calculated time lags by matching
distributions of interpolated values to the type of detail required of the
covariance curve. Any special distribution of interpolated values such as
inverse (1/71) spacing of logarithmic spacing could be prescribed.

3. Save computer time by stopping calculation as soon as statistical
errors are reduced below the level of fixed numerical errors. This is
discussed at the end of this section.

The above advantages may be realized by any interpolation routine which
uses time-lag derivatives. We have chosen a polynomial interpolation of
fifth order around the center point Ty 1/2 :

= (0) 2 T T +1/2 ’
c | (n= ), a | ——— (51)
poly n=0 To+1 "~ Ty

This interpolation is valid inside an interval,

IA
IA

_|.
Tﬁ_T_Tﬂ 1,
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which is terminated by two lag points for which the covariance function

= I L = (1) = (2)

C_(r) and its first and second derivative, C (t) and C (1), are
m m m

accessible from lagged product calculations. The center of this interval is

1

Ty+12 - 2 (7

JPPRE A (52)

The coefficients a of the polynomial approximation are found by comparing

the derivativés which the above interpolation would give at the end points

T and Ty i1 with the derivatives that have actually been calculated at these

points. This comparison leads to a system of six linear algebraic equations
which have been grouped into two blocks of three equations. The first group
of equations is

5 1
I [(1/2>“+(—1/2>“] = o, (53)

- 1
n=0 ‘" 0

where j =0, 1, 2. Here aj describes the sum of the normalized derivatives

that are given for the end points,

(z+1 JZ) (j) ~ (N
[ m ) TC (Tﬂ)] , (54)

where j =0, 1, 2. The normalized derivatives in o, and @, follow directly
from the finite difference approximations given in equations (46) and (47).
In the case of @y, one must correct for the dislocation of the estimated

R (D
m

i

value.

(1)

+ €/2) - (__:m (7,+ €/2)

(55)

The second group of equations is
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5

n! n nl _
L T (™= ™) =5, . (56)

Here ,Bj describes the difference of the normalized derivatives which are

given at the end points.

(i)' [= = ()
B.=—f—;———[c Vo )-ch<QJ - (57)

j m 2+1

The normalized derivatives in §; and Bj follow directly from the finite

difference approximations given in equations (46) and (47). In using finite
differences for the approximation of «;, one must correct once again for
the dislocation of the finite difference.

T

T - = =
5 = £+; 9 [Em(i) (r), * /) _Rm(i)(,rfg/z)J

(58)
-il:ﬁ (2)

2 m £+

»

_5 (2
1) Rm (Tﬂ)]

The six values of ozj and Bj are thus known from the finite difference

approximation of the time derivatives. The two sets of equations therefore
represent two systems of three linear algebraic equations for the odd and
even polynomial coefficients, respectively. Solving these equations for the
desired polynomial coefficients gives the result:

1
TR
1 { (59)
ag = 108" B1-Bo~ 55 P2 ) >
a=—1—oz—a
4 2 2 1
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Substituting these coefficients into the polynomial of equation (51), we

= (0)

have thus derived the interpolation of'the covariance Cm (7) function

between two lag points, Ty +q and T, This interpolation is graphically

illustrated in Figure 2. The known values of C (0) s 6 (1), and E (2)
m m m

at the two end points are indicated by the ordinate, the slope, and the radius

of curvature at these points. The polynomial interpolation will then match

these ordinates, slopes, and curvatures as indicated by the dashed curve.

The interpolation formula of equation (51) can be used to calculate any

number of points of this dashed curve. We have largely used 5 to 10 points.

An interpolation routine is useful only if one knows some limits for

= (0
the error between the expected curve Cm( ) and its interpolated value
0
C;()oiyn In the preceding interpolation there are several types of errors.

First, there are truncation errors which account for the fact that the
polynomial of equation (51) is a Taylor series approximation around the
midpoint, which has been truncated at the fifth term. However, additional
errors enter the interpolation since the calculated values of ozj and ,Bj
e s = (D) = ()
are inflicted by statistical errors ACm ) (Tﬂ) and ACm ] (Tﬁ +1) as
well as quantization errors of the finite difference approximations. We
believe, therefore, that a detailed error analysis is hopelessly complicated.

The desire to judge the validity of the polynomial approximation has
led to a simpler approach, which uses an interpolation amplitude, Aﬂ .
This amplitude accounts for the difference between the above polynomial
interpolation and a straight-line interpolation which does not depend on slopes
and curvatures.

T-T

= (0 1+1/2

Cc (0) (1) =2T—-—_—:—50+ao . (60)
straight L+1 £

The interpolation amplitude is now defined as the mean square difference
between the polynomial and the straight-line interpolation.
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| 1 =(0 =(0
A12=——T' - f R( )(T) - R( )(1') dr
4+1 2 0T . polyn straight
n 2
+ — —
1 1+1 T T£+1/2 T T£+1/2
T -7 f zan T -7 T2 BT % dr
£4+1 4 2 n £+1 J 4+1 ¢
2
T n
£+1] 5 T =T
+

-1 f D L 1/2 dr (61)
T1+1T Ty T, n=1 1+1 T

- =2

5 a
=) — +%‘ 5052+;1‘% (3gay *+a;a3)

n=0 (2n+1)4

1 [
11z (a1as Taytay * oo asag

The coefficients En are related to the polynomial coefficients by:

é_i = a1 - 2[30 (62)
a =a fornz2
n ‘n

and can thus be calculated directly.

The interpolation amplitude is a measure for the effect which the use
of first and second derivatives has on improving a straight-line interpolation.
The polynomial approximation will obviously become meaningless if the

interpolation amplitude becomes smaller than the statistical error A—(_fm( 0)
at the end points, 7, and T4y it will also be meaningless if the end points,
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Figure 2. Graphical illustration of interpolation routine.
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are spaced too far apart. For example, if the estimated

= (0
covariance Cm( )(T) has more than one extreme between 7, and T4’

the second derivative will oscillate significantly, and the polynomial
interpolation is subject to large truncation errors. Such errors may be
anticipated when the interpolation amplitude is equal to or larger than the peak

= (0)

value of I_{m (1), which is indicated by the lagged product calculations in

the vicinity of the interpolation interval. The validity of the polynomial
approximation can thus be judged to some extent by comparing the interpolation

= (0)

amplitudes with the statistical error A Em and/or the indicated peak

(0)(7).

values of the directly calculated covariance estimates Em

For any given set of data the errors caused by the truncation of the
Taylor series and by the finite difference approximation of derivatives are
fixed as soon as the sampling period € and the distribution of lag points
7 have been chosen. It does not make sense to reduce the statistical error

below these fixed numerical errors. In view of these considerations, we
have introduced a third option to stop the piecewise operations. This option
is based on the average interpolation amplitude, A, which is taken as some
indirect measure for the combined numerical errors. The word "average'

refers to an integral over the time lag range, "N+ =T §TN+1. A
stepwise approximation of this integral is
n 1/2
1 \
A = ), (t,,,-7,) A 2} : (63)
+
[2TN+1 =Tt 2+1 4 T

The program will stop accepting new data pieces if the average statistical
error has been reduced below the average interpolation amplitude, A .
However, this option will not be used if a statistical error other than zero is
specified by the user.

A demonstration of this interpolation routine is given in the next
section, Demonstration of the Piecewise Method.
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DEMONSTRATION OF THE PIECEWISE METHOD

The objective of this section is to demonstrate the operation and
special features of the piecewise program, which were reviewed in the
earlier sections. To permit meaningful discussion of results, a relatively
simple test signal, namely, band-limited white noise, was used. Special
precautions (outlined below) insured to the largest possible extent, that
uncertainties in the results were not introduced by the nonideal nature of the
test signal itself.

In this section we shall demonstrate from the results the existence
of the subdivision error and its relative ineffectiveness as a high-pass filter.
The dependence of the statistical uncertainty of the results on both bandwidth
and integration time is also demonstrated. A discussion is presented of the
relative merits of using the interpolation routine, that is, calculating
relatively few points on the correlation curve and using the first and second
derivatives at these points to complete the curve, as opposed to the direct
calculation of the detailed curve. Finally, to demonstrate the potential
accuracy of the complete system, a Fourier transformation of the cross-
correlation curves obtained igs undertaken, and the resulting spectrum is
compared with the transfer function of the filter employed in generating the
test signal.

The Test Signal

The test signal used for these tests was band-limited white noise,
which was generated by passing the output of a white noise generator through
an audio frequency spectrometer. Specifically, the signal was passed through
the one-octave band filter centered at 1 kHz. According to the manufacturer's
manual, the -3 dB points on this filter are at 700 and 1400 Hz, respectively.
This form of signal was chosen because:

1. It provides a test of the system in terms of a random, rather
than deterministic, (i.e., sine wave) input signal.

2. The use of a "fixed" filter offers a greater reliability of spectrum
shape then can generally be obtained from variable band-pass filters.
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Correlation Coefficient

3. The response function of the filter is available in the manufacturer's
operation manual and can be used as an independent check of the results.

4. The parameters of the signal, notably its bandwidth, are
unambiguously defined.

5. A center frequency of 1 kHz, together with a conveniently
available analog-to-digital conversion rate of 20 000 samples per second,
offers a reasonable degree of resolution of the correlation curve as a function
of time delay.

The test method used was to generate a single signal as outlined
here and to pass this to both channels of the analog-to-digital converter, thus
generating two identical signals on the resulting digital tape. Cross-
correlation calculations were then made on these two signals, resulting in
the generation of the autocorrelation of the original band-limited signal. Using
this method does provide a test of the analog-to-digital converter and
computer program but keeps to the irreducible minimum any dependence of
the results on the other peripheral equipment used to generate that signal.

A typical example of the correlation function obtained is shown in
Figure 3 for future reference purposes.

1.0 - : —-
SR=0.007
o8 f = TOOHz
f2= 1 400 Hz
04}
O e
\""/- ‘\‘)
]
-0A -
-08
- |O I { ! 1 1 ] 1 | 1

0 200 400 600 800 1000 1200 1400 1600 1800 2000
Time Delay T{gLsec)

Figure 3. Correlation curve for band-limited white noise.
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Subdivision Error

An analysis demonstrating the possible occurrence of subdivision
error when using the piecewise method for calculating correlation functions
was presented in the section, Accumulation of Piecewise Averages. As
shown there, the effect arises because the amplitude of fluctuations is
calculated relative to the mean value of the piece in which they are contained,
not relative to the mean value of the entire record. This results in the
partial elimination of the power contained in fluctuations whose period is in
excess of the piece length.

Let us next consider the effect of subdivision error on the results of
our present tests with the band-limited white noise signal. Let us suppose
initially that the use of a piece length AT eliminates all energy contained in
the test signal below a frequency fC where fc and AT are related by the

expression

f =

T
— 64
c AT ’ (64)

where r is a number, probably of order unity. Furthermore, the cross-
correlation function of two signals is related to their cross-power spectral
density function by the Fourier transform relationship:

Em(T) = [ 5, (©) e 19T 4w (65)
0

However, since for the test example used here

x(t) =y(t) ,

equation (2) can be written

C:Jm('r)= of S _ () e 19 g (66)
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while for the particular case 1 =0 |,

(0 = [ S (0 do . (67)
0

Qll

m

Equation (67) represents the well-known fact that the correlation at zero time
delay is equal to the total signal energy.

If, however, the use of a piece length T were to eliminate all energy
below a frequency fc, equation (65) would become

C_(0,aT)= [ S_(w)do . - (88)
m 27rfC *x -

Thus if the spectral density function of the signal Sxx(w) is known, it is
possible to calculate RXX(O,AT) as a function of the piece length AT.

For the present test signal a useful approximation of the spectral
density function is

»

S =1 27f, = w = 2rf
XX(w) T = W = 2T
= 0 -elsewhere |,
where
f; =700 Hz and f; = 1400 Hz

The decrease of C__)m( 0,AT) with decreasing piece length calculated
basi 11 b f i imi d
on the basis that all energy below o is eliminated for two values of r
[equation (64)] is shown in Figure 4. Also shown for comparison are the
values of Em(O,AT) obtained from the piecewise correlation program.

These data were generated by computing the correlation curve for various
piece lengths in the range 450 =AT =12 000 usec. In all cases an integra-
tion time of 30 sec was employed, resulting in a statistical uncertainty of the
order of 0.7 percent.
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Figure 4. Effect of piece length on apparent signal power.

Although the experimental results clearly indicate the expected

decrease of the apparent signal power, (_fm( 0,AT), with decreasing piece

length, the rate of decrease is appreciably less than that obtained theoretically
where it was assumed that all energy below the frequency fc was eliminated.

However, partial elimination of energy below a frequency fc where

is indicated by the results. Therefore, we conclude that the use of a
finite piece length will lead to an underestimate of the power contained in
fluctuations whose period is in excess of the piece length.

To ascertain the relative effectiveness of piece length as a high-pass

filter, the data of Figure 4 are replotted in Figure 5 as a function of the
cutoff frequency fC where the relationship,

i
fc_AT ’

has been used.
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Figure 5. Effectiveness of piece length on apparent signal power.
Shown for comparison are the expected decreases of apparent energy
for:

1. A perfect filter, that is, a filter which eliminates all energy
below the preset frequency fC.

2. A filter with an attenuation rate of 30 dB per octave below the
preset frequency fC.
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3. A filter with an attenuation rate of 3 dB per octave.
4. A filter with an attenuation rate of 2 dB per octave.

The results indicate that the filtering capacity of the piece length is
approximately comparable to that of the last-named filter. Since the
attenuation rate of a good commercial filter is normally of the order of
30 dB/octave, it does not appear that filtering by choice of piece length
offers a comparable alternative.

Our tests related to the subdivision error therefore lead to the
following conclusions:

1. The use of finite piece lengths will lead to an underestimate of the
power contained in fluctuations whose period is in excess of the piece length.

2. The resulting filtering action is rather weak, being approximately
comparable to that of an analog high-pass filter with an attenuation rate of
2 to 3 dB/octave.

3. The filtering action of piece length does not offer a realistic
substitute for analog high-pass filters if sharp frequency discrimination is
required. It does, however, provide a convenient method for the elimination
of long-term drifts, whose period is considerably in excess of those of the
principal fluctuations of interest.

Statistical Accuracy

As discussed in the section, Derivatives of the Covariance Function,
one of the more unique features of the piecewise program is that not only are
the statistical uncertainties of the covariance estimates calculated, but also
the values so derived are used as a program control parameter. Specifically,
the processing of pieces continues until a specified confidence level is
obtained or the data record is exhausted.

The work of Jayroe and Su [3] yields theoretical evidence regarding
the behavior of these statistical errors, and we shall base our presentation
of the test case results on their equation, which for the autocorrelation case
may be written

[>e] =]
NE -1 2 e 2 REXR
A F(r,T) = _{o S? (f) df + _[o S2 (D) e df . (69)
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The spectrum function for the band-limited white noise may be idealized by
the relation

S(f)

Il

0 elsewhere

Substitution of this expression into equation (69) yields

= 2
Ap(nD [1+<Sm 27 fyr - sin 2Wfﬂ>:' (70)
C 2(r=0p (RTWT '
m

The normalized statistical error is thus seen to be composed of two items,
the first independent of the time delay and a second which varies with this
parameter. Furthermore, consideration of the autocorrelation function for
an ideal band-limited white noise signal will show that it is of precisely the
form of this second item. Thus we except the normalized error when plotted
as a function of time delay to follow, in general, the trends of the auto-
correlation function. We shall see shortly that this is the case, but note that
this is a feature of the particular spectrum used, not something to be expected
in general.

First, however, we must note that the predicted variation of
statistical error with time delay requires some decision with regard to
which value should be employed as the program '"'stop'" parameter. In
practice, we have chosen to average the normalized statistical error,
equation (70), over the complete time-delay range computed and to utilize
this average.

Specifically, the parameter O6R is defined as

,  mA_(r,T)
6R=—— f o dr . (71)
Tm -T C (t=0)
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The formal derivation of 6R can be made using equation (70). However,
the relationship is so simple that no formal derivation will be undertaken.
The first term, being independent of time delay, averages to its value at
any time-delay value. The second, being damped in an oscillatory manner,
contributes little to the average. Thus we find that

R = — . (72)

’\/ (f2_f1) T

To demonstrate this dependence of 6R on integration time, the
correlation function of the test signal described above was determined for
various values of &R in the range,

0.152 6R=0.007
with a confidence factor of p = 90 percent. In the majority of cases the

correlation function was calculated in the range 0 =7 = 4000 psec. A tabula-
tion of the results obtained is shown in the following table.

[ Integration Time Average Statistical Uncertainty

(sec) (6R)
0.072 0.138
0.132 0. 094
0.516 0. 050
2.016 0. 025

16. 06 0. 01

30.01 0. 007

Plotting 6R as a function of the square root of the reciprocal of the
integration time yields the result shown in Figure 6. The results show very
acceptable agreement with the prediction of equation (72). Also shown in
this figure are the limits of uncertainty on the statistical error as defined

by the xz distribution in the section, Environmental and Statistical Variation
of Piecewise Averages. The fact that all measured values of the uncertainty
fall inside these limits indicates that the test signal did, indeed, exhibit the
hoped-for stationarity.
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The results of the variation of the uncertainty with time lag are
shown in Figure 7. As predicted by equation (70), the values tend to
oscillate around the average value, whereas comparison with the sample
autocorrelation curve of Figure 3 shows that these oscillations follow the
same general trends as the autocorrelation curve as predicted above. The
prediction of equation (70) is also shown superimposed on these results, and
again acceptable agreement results.

Reassuring as these comparisons may be, they do not answer the
question of prime importance: Do the calculated confidence intervals offer
a realistic measure of the difference between the true and measured
correlation curves?

To offer a precise comparison it would be necessary to have a
knowledge of the exact correlation curve. Obtaining this curve is clearly not
practical since its calculation would require infinite integration time.
However, to obtain some estimate of the adequacy of the calculated confidence
intervals, the correlation curves calculated for various integration times
have been compared with the curve calculated for the maximum integration
time employed, 30 sec, for which an average confidence interval of 0.007
was obtained. This latter curve is thus regarded for present purposes as
the correct curve.

Specifically, the value of the cross-correlation for a particular time
delay T, obtained using an integration time T, was subtracted from that
obtained for the maximum integration time Tmax' The absolute value of

this quantity was then plotted against the calculated confidence interval. The

results are shown in Figure 8.

The 45-deg line drawn on this diagram corresponds to the locus of
points for which

ICm('r,T) - Cm(T,T ax)| = Am(T,T)

m

Thus points plotted above and to the left of this line represent cases for
which the difference between the calculated curve am(r, T) and the correct

curve is less than the calculated confidence interval. Conversely, points to
the right and below the line are those for which the difference of the curves
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Figure 8. A comparison of estimated and actual errors of
correlation measurement.

exceeds the confidence interval. In Figure 8, a total of 9 points out of

a total of 80 plotted lies below the 45-deg line. Thus, for 89 percent of the
points considered, the difference between the calculated and correct cor-
relation curve is less than or equal to the confidence interval. Since this
test was conducted using a probability factor of p = 90 percent, the results
confirm the implied criterion that there is a 90-percent probability that the
difference between the measured and true correlation is less than the
confidence interval.
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Covariance Derivatives and Interpolation

- The calculation of the first and second derivatives of the covariance
function, together with the method by which these values are used to
interpolate correlation curves between measured lag points, was discussed
in the sections, Derivatives of the Covariance Function and Interpolation
Between Lag Points, respectively.

Figures 9 and 10 show results of the computation of the first and
second derivatives, respectively, of the covariance function of one band-
limited white noise test signal. Also shown for comparison are analytical
calculations for these derivatives based on an ideal filter shape (Fig. 11).
Although some scatter is apparent, particularly for the second derivative,
the amount of agreement is encouraging. This is particularly true when one
considers the alternative method of calculation, the use of finite differences
between calculated covariance values.

The next question to be considered is the use of these derivatives
for interpolation of covariance curves using the fifth-order polynomial
approximation discussed in the section, Interpolation Between Lag Points.
To make this test as meaningful as possible, the following approach was
adopted. A covariance curve was first calculated using closely spaced
(50 usec) lag intervals, the calculation being continued until a certain
averaged confidence interval was obtained. The calculation was then repeated,
to the same confidence interval, for a set of more broadly spaced lag
intervals, and the interpolation routine was used to provide detail between
these latter points.

Figure 12 shows one example in which the covariance function was
determined for relatively broad (500 usec) intervals, and a further 10 points
were interpolated into the intervening spaces. The averaged confidence
interval for both the noninterpolated curve and the remotely spaced lag points
was 0.02. The difference between the interpolated and noninterpolated points
frequently exceeds this confidence interval, indicating that the numerical
errors are predominant. However, the agreement obtained is acceptable for
many applications, while the broad spacing of the lag points, rather less
than one per turning point of the curve, should be noted.

The degree of improvement obtained by halving the distance between
calculated lag points is shown in Figure 13. Indeed, deviations between the
interpolated and noninterpolated curves are reduced by approximately a
factor of two, but these deviaticns still exceed the confidence interval.
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Finally, shown in Figure 14 is the result obtained when the averaged confidence
interval was reduced to 0.007, utilizing the full 30-sec data record. Again,
differences typically exceed the confidence interval.

A
1.0+ .
.= L—Filter with an Attenuation Rate
of 30dB/Octave
-, L—Ideal Rectangular Filter Function
0.8 -L ~Power Spectral Density of
Test Signal
Y~ — —3dB
0.6 - o Calculated Values From
Piecewise Program
0.4 -
0.2
olL AP SRR -
0.4 1.0 1.4 1.6 1.8 2.0

Figure 11. Normalized filter functions and power spectral density
functions for ideal filters and a filter with an attenuation rate of
30 dB per octave.

On the basis of these results it is concluded that in cases where the
detailed variation of a covariance curve as a function of time lag is important,
direct calculation of closely spaced lag points offers the greater reliability.
On the other hand, for situations where only the general variation of the curve
is required, significant computer time may be saved by using interpolation
routines.

The fact that the derivative calculations, available in this program,
may also be used to determine the statistical properties of derivations of
recorded data offers an additional valuable feature in this computer code.
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Figure 14. An interpolated correlation curve; &R = 0.007.
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Overall Accuracy

In any data reduction method, irrespective of any special features it
contains, the final question to be asked regards its overall accuracy. The
test signal used here provides a surprisingly simple and revealing answer to
this question. The signal was generated by passing white noise through a
filter, the characteristics of which are provided by the manufacturer. Thus
calculation of the covariance function of the test signal and its subsequent
Fourier transformation will yield the spectrum of the test signal. This
spectrum should then be directly comparable to the available transfer function

of the filter used.

Such a comparison is shown in Figure 11. In spite of the stringency
of the test created by the sharp edges of the filter function, a situation in
which the frequency resolution offered by our own test and that of the
manufacturer become of prime importance, a most acceptable agreement
is observed.

CONCLUSIONS

The purpose of this report is to outline the special features and
philosophy underlying the development of the piecewise correlation program.
The concept of piecewise accumulation of mean values was developed initially
to overcome storage limitations of general-purpose computers when they are
used for statistical data reduction. As demonstrated in the section,
Accumulation of Piecewise Averages, piecewise accumulation, combined with
the use of appropriate recursion formulas, overcomes all limitations
regarding the length of record which may be processed.

Furthermore, the work of the section, Derivatives of the
Covariance Function, demonstrates how variations between such piecewise
averages may be used to determine the probable accuracy of a result
determined from a number of such pieces. Thus the statistical significance
of a final result is immediately available. In fact, in the present program
such statistical significance is used as a control parameter, the computation
proceeding only until the degree of confidence in the result requested by the
user is obtained. Also described is the way in which variation of these
associated confidence intervals with record length processed may be used to
detect the presence of nonstationary trends in that record. This feature is
of particular importance in investigations of uncontrolled environments such

52



as the atmosphere. The test results, presented in the section, Demonstration
of the Piecewise Method, demonstrate that the calculated confidence intervals
offer a very realistic estimate of the probable error of a computed result.

The facility to estimate derivatives of correlation functions is also
included in the program. This is discussed in the section, Interpolation
Between Lag Points, and confirmatory data are shown in the section,
Demonstration of the Piecewise Method.

Finally, the overall accuracy of the scheme developed is shown in
Figure 11.

In summary, the results of this work demonstrate that the concept
of piecewise accumulation of mean values makes possible the processing of
long statistical data records on general-purpose computers where storage
limitations would otherwise be a problem. The associated error analysis is
of value, in general, in optimizing computer time. However, the real
power of this facility is to be found in the analysis of data records taken
from uncontrolled environments, such as the atmosphere, where nonstationary
trends might otherwise go undetected.

George C. Marshall Space Flight Center
National Aeronautics and Space Administration
Marshall Space Flight Center, Alabama 35812, March 1968
933-50-08-00-62
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